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WEAK SIEGEL-WEIL FORMULA FOR M2(Q) AND
ARITHMETIC ON QUATERNIONS
TUOPING DU
Abstract. We prove weak Siegel-Weil formula for the spaceM2(Q).
By this formula and the Siegel-Weil formula, we give the explicit
formulae for Hecke correspondence’s degree and average represen-
tation numbers over genus associated to Eichler orders. At last, we
give the explicit formulae for representations of a number as sums
of three squares or four squares by local Whittaker functions, and
find that these functions are exactly the local factors of Hardy’s
singular series.
1. Introduction
Weil gave the relation between the value of Eisenstein series and
integral of theta function in the paper [We2], which is called the Siegel-
Weil formula. It plays a very important role in number theory and
arithmetic geometry.
In this paper, we mainly study the arithmetic and geometry on
quaternion algebras. By the Siegel-Weil formula, we give the explicit
formulae for Hecke correspondence’s degree and average representation
numbers over genus. We identify these numbers with Fourier coeffi-
cients of Eisenstein series, which could be written as infinite products
of local Whittaker functions.
There are mainly two ways to study representation numbers of pos-
itive definite quadratic forms, that is, the Siegel-Weil formula and the
cycle method. By the Siegel-Weil formula, we give the exactly formu-
lae for representation numbers of three squares and four squares sums.
Hardy [Ha1][Ha2] studied the representation number via singular se-
ries, which is an infinite product. We find these two methods locally
are the same, i.e., the local factors of singular series are equal to local
Whittaker functions.
Siegel-Weil formula holds for all quaternion algebras over Q except
the space M2(Q). For this space, we prove the Siegel-Weil formula
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2 TUOPING DU
except the constant term and call it weak Siegel-Weil formula (Theorem
1.2) in this paper.
Let us recall the classical Siegel-Weil formula of the orthogonal type.
Let (V,Q) be a quadratic space over Q with even dimension m. For
the reductive dual pair G = Spn and H = O(V ), one has the Weil
representation ω of group G(A)×H(A) which acts on S(V n(A)). For
convenience, we assume n = 1, hence G = SL2.
For an algebraic group W over Q, set [W ] = W (Q)\W (A). Then
the theta kernel ([We])
(1.1) θ(g, h, ϕ) =
∑
x∈V (Q)
ω(g)ϕ(h−1x),
is an automorphic form on [G]×[H ], where ϕ ∈ S(V (A)), g ∈ G(A), h ∈
H(A). So the theta integral
(1.2) I(g, ϕ) =
∫
[H]
θ(g, h, ϕ)dh
is an automorphic form on [G] if the integral is absolutely convergent.
There is another way to construct automorphic forms from ϕ ∈
S(V (A)). For s ∈ C, let I(s, χV ) = IndGP (||sχV ) be the induced repre-
sentation of G(A) consists of smooth functions Φ(g, s) on G(A). The
Eisenstein series is defined by
(1.3) E(g, s,Φ) =
∑
γ∈P\G
Φ(γg, s),
where P is the parabolic subgroup of G. There is a SL2(A)-intertwining
map (s0 =
m
2
− 1)
(1.4) λ = λV : S(V (A))→ I(s0, χV ), λ(ϕ)(g) = ω(g)(0).
It is defined locally, and we write λ = ⊗pλp. We often drop the index p
of λp if there is no confusion. Since there exists a section Φ ∈ I(s, χV )
such that λ(ϕ) = Φ(g, s0), hence one write
(1.5) E(g, s, ϕ) = E(g, s,Φ).
The Siegel-Weil formula is extended by Kudla and Rallis ([KR1] ,
[KR2]), which asserts that two automorphic forms I(g, ϕ) and E(g, s0, ϕ)
are coincide:
Theorem 1.1. (Siegel-Weil formula) Assume V is anisotropic or
m − r > 2, where r is the Witt index. Then for every ϕ ∈ S(V (A)),
the Eisenstein series E(g, s;ϕ) is holomorphic at s0, and
E(g, s0, ϕ) = κI(g, ϕ),
where κ = 2 when m ≤ 2 and κ = 1 otherwise.
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For the space which doesn’t satisfy the above convergence condition,
one could study the regularized theta integral. Kudla and Rallis studied
the regularized Siegel-Weil formula [KR3], and a lot of cases have been
proved by Gan, Qiu and Takeda in [GQT].
In this paper, we study the quadratic space V = (M2(Q), Q) with
quadratic form Q = det. The main idea of proving the Siegel-Weil
formula is to compare the Fourier coefficients of Eisenstein series and
theta integral. The next theorem shows that they are equal except the
constant term.
Theorem 1.2. Weak Siegel-Weil formula For any η ∈ Q∗ and
ϕ ∈ S(V (A)), Eη(g, s, ϕ) is holomorphic at s = s0 and Iη(g, ϕ) is
absolutely convergent. Moreover, one has
(1.6) Eη(g, s0, ϕ) = Iη(g, ϕ).
where Eη(g, s0, ϕ) is η-th Fourier coefficient of Eisenstein series, and
Iη(g, ϕ) is η-th Fourier coefficient of I(g, ϕ).
Remark 1.3. (1) The Siegel-Weil formula holds if and only if
Eη(g, s0, ϕ) = Iη(g, ϕ)
for all η ∈ Q. So above theorem is almost the Siegel-Weil formula
except the constant term, and we call it weak Siegel-Weil formula.
(2) Kudla’s work [Ku2] shows that the Fourier coefficients of theta
integral always have geometric explanations, i.e., degrees of cycles on
Shimura varieties. Following the above theorem, we could compute
these numbers via Fourier coefficients of Eisenstein series, which could
be written as infinite products. It is also holds for any other indefinite
quaternions, since there exists the Siegel-Weil formula.
We drop rank one elements in V (Q), and define
(1.7) θ˜(g, h, ϕ) =
∑
x∈V (Q),rank(x)6=1
ω(g, h)ϕ(x).
Then the integral is given by
(1.8) I˜(g, ϕ) =
∫
[H]
θ˜(g, h, ϕ)dh.
When η 6= 0, it is easy to see that
(1.9) I˜η(g, ϕ) = Iη(g, ϕ),
where I˜η(g, ϕ) is the Fourier coefficients of I˜(g, ϕ).
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Theorem 1.4. When ϕ∞ = ϕsp∞ as defined in equation (5.3), I˜(g, ϕ)
is absolutely convergent. Moreover, if Φ1(g, s0) = 0, we have
I˜(g, ϕ) = E(g, s0, ϕ).
Here
(1.10) Φ1(g, s) =
∫
A
Φ(wn(b)g, s)db,
with Φ(g, s0) = λ(ϕ)(g).
The above result could be extended to the case when ϕ∞ is a poly-
nomial times a Gaussian.
We assume that D > 0 is a square free integer, and let B = B(D)
be the quaternion algebra which is ramified at a finite prime p if and
only if p|D. The reduced norm, denoted by det in this paper, gives a
canonical quadratic form Q on B and makes it as a quadratic space.
When D = 1, B(D) = M2(Q). In this paper, we denote any other
quaternion algebra over Q by V ′, which is anisotropic.
For a positive integer N which is prime toD, letOD(N) be an Eichler
order in B of conductor N . We can view L = (OD(N), det) as an even
integral lattice in V .
When B is definite, there is a very interesting question to compute
the representation number (for a positive integer m)
rL(m) = |{x ∈ OD(N) : det x = m}|.
In general, it is very hard to compute, so we consider its average over
the genus, which is denoted by
(1.11)
rD,N(m) = rgen(L)(m) =
( ∑
L1∈gen(L)
1
|Aut(L1)|
)−1 ∑
L1∈gen(L)
rL1(m)
|Aut(L1)| .
It depends only on D and N , and is independent of the choice of
Eichler order OD(N). From Siegel’s formula [Si], it could be written
as an infinite product. Now it is could be viewed as coefficients of
Eisenstein series, which is the motivation of Siegel-Weil formula.
When B is an indefinite quaternion, let ΓD0 (N) = OD(N)1 be the
group of (reduced) norm 1 elements in OD(N) and let XD0 (N) =
ΓD0 (N)\H be the associated Shimura curve. For a positive integer m,
let TD,N(m) be the Hecke correspondence on X
D
0 (N) which is defined
in Section 2. Then we define the normalized degree by
(1.12) rD,N(m) = − 2
vol(XD0 (N),Ω0)
deg TD,N(m),
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where
vol(XD0 (N),Ω0) =
∫
XD0 (N)
Ω0
is the volume of XD0 (N) with respect to Ω0 =
1
2π
y−2dx ∧ dy.
Two kinds of numbers rD,N(m) defined as above are Fourier coeffi-
cients of theta integral, see Section 5 for details. We could compute
these numbers via Fourier coefficients of Eisenstein series in the follow-
ing result.
Theorem 1.5. Let notations be as above and k be the number of prime
factors of m, then one has
rD,N(m) = (−1)k+124m
∏
p∤ND
p− p− ordpm
p− 1
×
∏
p|N
2p− p−(ordpm−1) − p− ordpm
p2 − 1
∏
p|D
1
(p− 1)pordpm .
Remark 1.6. The case D = 1 follows from the weak Siegel-Weil for-
mula(Theorem 1.2).
As an application of the Theorem 1.5, we obtain the following result.
Corollary 1.7. Assume D is a square-free positive integer with even
number of prime factors, one has
deg TD,N(m)
= 2mND
∏
p∤ND
p− p− ordpm
p− 1
∏
p|N
2− p− ordpm − p− ordpm−1
p− 1
∏
p|D
1
pordpm+1
.
When D = 1, set
M(N,m) = {( a bc d ) ∈M2(Z) : ad− bc = m, c ≡ 0( mod N)}.
It could be written as a disjoint union
M(N,m) =
K⊔
i=1
Γ0(N)αi.
The Hecke operator T (n) is a map of Div(X0(N)) to itself given by :
T (n)([τ ]) =
K∑
i
[αiτ ],
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where τ ∈ H∗ = H⋃{Q} and [τ ] is the corresponding member of
X0(N). Then one has
(1.13)
K =
1
2
deg TD,N(m) = mN
∏
p∤N
p− p− ordpm
p− 1
∏
p|N
2− p− ordpm − p− ordpm−1
p− 1 .
Moreover, when N = 1, we recover the well known result
(1.14) K = m
∏
p
p− p− ordpm
p− 1 =
∑
d|m
d.
When D 6= 1, it also gives a similar explanation for Shimura curve
XD0 (N). By Theorem 1.5, one reprove the main results in [DY] as
follows.
Theorem 1.8. [DY, Theorem 1.1,1.2,1.3 and 1.4]For primes p, q, let
Dpq be a square-free positive integer, and let N be a positive integer
prime to Dpq. For every positive integer m, we have
(1.15)
− 2
q − 1rDp,N(m)+
q + 1
q − 1rDp,Nq(m) = −
2
p− 1rDq,N(m)+
p+ 1
p− 1rDq,Np(m)
and
(1.16) rDp,N(m) = − 2
p− 1rD,N(m) +
p+ 1
p− 1rD,Np(m).
Remark 1.9. In [DY], the second equation is proved with the as-
sumption D > 1. We extend it to the case D = 1 here by the weak
Siegel-Weil formula(Theorem 1.2).
For positive integer m, let rk(m) denotes the number of representa-
tions of an integer m as a sum of k squares. Recall that
∑
m≥0 rk(m)q
m
is the k-th power of theta series, i.e.,
∑
m≥0 rk(m)q
m = (θ(τ))k with
θ(τ) = 1 + q + · · ·+ qn2 + · · · , where q = e2πiτ and τ ∈ H.
By the circle method, Hardy [Ha1] and Ramanujan [Ra1] proved that
(1.17) rs(m) = ρs(m) +O(m
s
4 ), s ≥ 5,
where
(1.18) ρs(m) =
π
s
2
Γ( s
2
)
m
s
2
−1Gs(m),
which is called singular series. Here
(1.19) Gs(m) =
∞∑
k=1
Ak(m),
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and
Ak(m) =
k∑
h=1,(h,k)=1
(
1
k
k∑
j=1
e2πihj
2/k)se−2πimh/k.
When s = 5, 6, 7, 8, Hardy [Ha1][Ha2] gave the exactly formula by
(1.20) rs(m) = ρs(m).
He also claimed that it is false when s = 2 and s > 8. Bateman proved
that this conclusion holds when s = 3, 4 in [Ba]. Comparing factors of
singular series with local Whittaker functions, we give another proof
in the last section.
By the Siegel-Weil formula, we reprove the following result as follows.
Theorem 1.10. (Three and Four squares Theorem ) Let m > 0, and
assume −4m = dc2, where d is the discriminant of Q(√−m). One has
(1.21) r4(m) = 8
∑
d|m,4∤d
d,
and
(1.22) r3(m) =
24h(d)
w
(1− χd(2))
∑
l|c,(l,2)=1
l
∏
p|l
(1− χd(p)p−1),
where p runs over prime factors of l. Here h(d) is the class number,
χd is the character associated to quadratic field Q(
√−m) and w is the
number of roots of unity.
For a discriminant m > 0, define Hurwitz class number H(m) be the
number of classes of positive definite quadratic forms of discriminant
−m, which is given by
(1.23) H(m) =
2h(d)
w
∑
l|f
l
∏
p|l
(1− χd(p)p−1),
where −m = df 2. When m is not a discriminant, H(m) = 0. This
formula is similar as equation (1.22), one could obtain Hirzebruch and
Zagier’s result [HZ], see Corollary 6.4.
Since Ak(m) is multiplicative in k, one could write
Gs(m) =
∞∑
k=1
Ak(m) =
∏
p
Sp(m),
where Sp(m) =
∑∞
r=0Apr(m).
In order to prove Theorem 1.10, we compute the local Whittaker
functions. Comparing these functions with Sp(m), one has the following
result.
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Theorem 1.11. Let B(2) be the quaternion algebra over Q with dis-
criminant 2 and B0(2) be the trace zero subspace of B(2).
1) Let L = Zi+Zj+Zk be the lattice in quadratic space V = (B0(2), Q),
one has
(1.24) Sp(m) = Wp(
1
2
, m).
2) Let L = Z+ Zi+ Zj + Zk be the lattice in V = (B(2), Q), one has
(1.25) Sp(m) = Wp(1, m).
Here lattices L and L are given in Section 6, and the normalized lo-
cal Whittaker function Wp(
1
2
, m) and Wp(1, m) are defined by equation
(7.7).
Remark 1.12. It implies that local factors of Gs(m) are equal to local
Whittaker functions. We expect that it could be extended to the case
s = 5, 6, 7, 8 at least.
Recall taht rs(m) could be written as product of local Whittaker
functions. As an application of the above theorem, we reprove the
following result in Section 7.
Theorem 1.13. [Ba]
(1.26) rs(m) = ρs(m), s = 3, 4.
Remark 1.14. We find that the circle method and Siegel-Weil formula
are the same in this question. From Hardy and Bateman’s work, the
above equality is true when 2 < s < 9. For s = 5, 6, 7, 8, we leave it to
readers to check by the Siegel-Weil method.
This paper is organized as follows.
In Section 2, we introduce the Weil representation and recall Kudla’s
matching pairs. In Section 3, we prove the convergence of theta inte-
gral I˜(g, ϕ) ( I˜η(g, ϕ)) in Theorem 3.2 ( Proposition 3.4). Combining
Proposition 3.4 with Theorem 4.2, we prove the weak Siegel-Weil for-
mula 1.2 in Section 4. In Section 5, we identify numbers rD,N with
Fourier coefficients of Eisenstein series and give the exactly formula in
Theorem 1.5. Finally, we give the exactly formula for representation
number of four and three squares sum in Theorem 1.10 in Section 6.
Comparing the local Whittaker functions with local factors of singular
series, we prove Theorem 1.11 and 1.13 in the last section.
2. Preliminaries
Let
(, ) : V × V → Q
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be a nondegenerate symmetric bilinear form on V , then (V,Q) is called
a quadratic space, where Q(x) = 1
2
(x, x). Set G = SL2, H = O(V ) and
let ψ : A/Q→ C× be the canonical unramified additive character such
that ψ∞(x) = e2πix. The local component ψp of ψ at a nonarchimedean
place p is unramified if it is trivial on Zp but nontrivial on
1
p
Zp. Let
χV (x) = (x, (−1)
m(m−1)
2 det V )A
be the associated quadratic character, where A = AQ is the adelic ring
of Q and (, )A is the Hilbert symbol of Q.
There is a Weil representation ω = ωψ,V of O(V )(A) × SL2(A) acts
on S(V (A)). We could view it locally. For each prime p, denote the
local representation ωp = ωψ,Vp of O(V )(Qp)× SL2(Qp) acts on S(Vp),
where Vp = V
⊗
QQp. Concretely, the orthogonal group O(V )(A) acts
on S(V (A)) linearly,
ω(h)ϕ(x) = ϕ(h−1x).
The SL2(A)-action is determined by (see for example [Ku1])
ω(n(b))ϕ(x) = ψ(bQ(x))ϕ(x),
ω(m(a))ϕ(x) = χV (x) | a |m2 ϕ(ax),(2.1)
ω(w)ϕ = γ(V )ϕ̂ = γ(V )
∫
V (A) ϕ(y)ψ((x, y))dy,
where for a ∈ A×, b ∈ A
n(b) =
(
1 b
1
)
, m(a) =
(
a
a−1
)
, w =
(
1
−1
)
,
dy is the Haar measure on V (A) self-dual with respect to ψ((x, y)), and
γ(V ) =
∏
p γ(Vp) = 1. Here γ(Vp) is a 8-th root of unity associated to
the local Weil representation at p (local Weil index). Let P = NM be
the standard Borel subgroup of SL2, where N and M are subgroups of
n(b) and m(a), respectively.
2.1. Introduction to quaternions. In this paper, we only consider
the quaternion algebras over Q. Let B be a quaternion Q-algebra, then
B = Q+Qi+Qj +Qij,
where i2 = a, j2 = b, ij = −ji and a, b ∈ Q×. We write B = {a,bQ }. The
map
ι : x = x1 + x2i+ x3j + x4k → x¯ = x1 − x2i− x3j − x4k
is called main involution. Set the reduced trace tr(x) = x + x¯ and
reduced norm det(x) = xx¯.
For example, we have M2(Q) = {1,1Q } and division ring H = {−1,−1R }
of Hamiltonian. For M2(Q), we take ι to be the involution sending
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x1 x2
x3 x4
)
to
(
x4 −x2
−x3 x1
)
.
The reduced norm and trace is the standard determinant and trace of
the matrix.
Let D > 0 be a square free integer, and let B = B(D) be the
unique quaternion algebra of discriminant D over Q, i.e., B is ramified
at a finite prime p if and only if p|D. We denote quadratic space
V ′ = (B, det). For a positive integer N prime to D, let OD(N) be an
Eichler order in B of conductor N such that
(1) When p ∤ N , OD(N)p := OD(N)⊗Z Zp is the maximal order of
Bp = B ⊗Q Qp.
(2) When p | N , there is an identification Bp ∼= M2(Qp) under
which
OD(N)p = {( a bc d ) ∈M2(Zp) : c ≡ 0 (mod p)} .
We can view L = (OD(N), det) as an even integral lattice in V ′.
The quaternion B is definite if and only ifD has odd number of prime
factors. In this case, we consider the average representation number
over the gen(L), which is defined by
(2.2) rD,N(m) =
( ∑
L1∈gen(L)
1
|Aut(L1)|
)−1 ∑
L1∈gen(L)
rL1(m)
|Aut(L1)| .
Here gen(L) is the set of equivalence classes of lattices in the same
genus of L. For details see Section 5.
When B(D) is indefinite, i.e., D has even number of prime factors,
then the representation number does not make sense. In this case, V ′
is of signature (2, 2). We fix an embedding of
i : B →֒ B⊗R ∼= M2(R),
such that B× is invariant under the automorphism x 7→ x∗ = tx−1
of GL2(R). Let ΓD0 (N) = OD(N)1 be the group of (reduced) norm
1 elements in OD(N) and identify it with i(ΓD0 (N)). Let XD0 (N) =
ΓD0 (N)\H be the associated Shimura curve.
For a positive integer m, let TD,N(m) be the Hecke correspondence
on XD0 (N) defined by
TD,N(m) ={([z1], [z2]) ∈ XD0 (N)×XD0 (N) :
z1 = i(x)z2 for some x ∈ OD(N), det x = m}.
(2.3)
Define
(2.4) deg TD,N(m) = deg(TD,N(m)→ XD0 (N))
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under the projection ([z1], [z2]) 7→ [z1]. Let Ω0 = 12πy−2dx ∧ dy be the
normalized differential on XD0 (N), and let
vol(XD0 (N),Ω0) =
∫
XD0 (N)
Ω0
be the volume of XD0 (N) with respect to Ω0. The same as equation
(1.12), one define the normalized degree by
rD,N(m) = − 2
vol(XD0 (N),Ω0)
deg TD,N(m).
2.2. Kudla’s matching. Let V (1), V (2) be two quadratic spaces with
the same dimension and the same quadratic character χ. By the fol-
lowing diagram
(2.5)
S(V (1)(A))
S(V (2)(A))
P
P
P
P
P
P
Pq
✏
✏
✏
✏
✏
✏
✏✶
I(s0, χ)
λV (1)
λV (2)
one knows that the image of λV (1), λV (1) are in the same space I(s0, χ).
Recall the definition in [Ku2] as follows.
Definition 2.1. For a prime p ≤ ∞, ϕ(i)p ∈ S(V (i)p ), i = 1, 2, are said
to be matching if
λ
V
(1)
p
(ϕ(1)p ) = λV (2)p (ϕ
(2)
p ).
ϕ(i) = ⊗p≤∞ϕ(i)p ∈ S(V (i)(A)) are said to be matching if they match at
each prime p, i = 1, 2.
For such a matching pair (ϕ(1), ϕ(2)), one has the following identity:
(2.6) I(g, ϕ(1)) = I(g, ϕ(2)).
It implies that their Fourier coefficients are equal.
Recall that V = (M2(Q), det), and we denote L
sp
0 = M2(Zp),
Lsp1 = {( a bc d ) ∈M2(Zp) : c ≡ 0 (mod p)}
and
Lsp2 =
{
( a bc d ) ∈M2(Zp) : c ≡ 0 (mod p2)
}
.
For the quadratic space V ′ = (B(D), det), set
ϕ′ =
{
char(ÔD(N))⊗ ϕra∞ ∈ S(V ′(A)) if V ′ is definite,
char(ÔD(N))⊗ ϕsp∞ ∈ S(V ′(A)) if V ′ is indefinite.
One can prove (ϕra∞, ϕ
sp
∞) is a matching pair, which will be given in
Section 5. By [DY, Proposition 3.1], we have the following result:
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Proposition 2.2. Assume ϕND = ⊗p≤∞ϕp ∈ S(V (A)) satisfies the
following conditions:
(1) When p =∞, ϕ∞ = ϕsp∞,
(2) When p ∤ DN∞, ϕp = ϕsp0 ,
(3) When p | N , ϕp = ϕsp1 ,
(4) When p | D, ϕp = −2p−1ϕsp0 + p+1p−1ϕsp1 which is constructed in
[DY]. Then (ϕ′, ϕND) is a matching pair. Here
ϕspi = char(L
sp
i ), i = 0, 1, 2.
3. Theta integral for M2(Q)
For the quadratic space (V,Q) with dimV = m, let G = SL2, H =
O(V ). The integral is absolutely convergent precisely when V is anisotropic
or dim(V )− r > 2, where r is the Witt index of V, i.e., the dimension
of a maximal isotropic Q-subspace of V . The Eisenstein series may be
not holomorphic at s0, so the Siegel-Weil formula is not always true.
Kudla and Rallis [KR3] proved the regularized Siegel-Weil formula for
some space.
3.1. Theta integral. From now on, we denote space (M2(Q), det) by
V . There is no Siegel-Weil for this space since there are too many
singular (rank one) elements. We define
(3.1) θ˜(g, h, ϕ) =
∑
x∈V (Q),rank(x)6=1
ω(g)ϕ(h−1x),
and
(3.2) I˜(g, ϕ) =
∫
[H]
θ˜(g, h, ϕ)dh.
Here dh ( the half of the Tamagawa measure) is the invariant measure
on [H ] with vol([H ], dh) = 1. Notice that θ˜(g, h, ϕ) is P (Q)-invariant
with parabolic subgroup P .
In general, the theta integral
(3.3) I(g, ϕ) =
∫
[H]
θ(g, h, ϕ)dh
is not convergent, even for the following case.
Example 3.1. Let e = ( 1 1 ), ϕf = char(M̂2(Z)), and ϕ∞ = e
−2πQ(x),
where M̂2(Z) = M2(Z)⊗Z Ẑ. Then
I(e, ϕ) =
∫
[H]
θ(e, h, ϕ)dh
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is not convergent since there are infinitely many elements with zero
determinant.
Theorem 3.2. Assume that ϕ∞ = ϕsp∞, then the integral
I˜(g, ϕ) =
∫
[O(V )]
θ˜(g, h, ϕ)dh
is absolutely convergent for each g ∈ SL2(A).
Proof. It suffices to prove that the integral∫
[SO(V )]
θ˜(g, h, ϕ)dh
is convergent.
It is easy to see
SO(V ) = {(h1, h2) ∈ GL2×GL2 : det(h1) = det(h2)}/Q×,
which acts on V via
(h1, h2)x = h1xh
−1
2 .
View SL2 as a subgroup of SO(V ) by h 7→ (h, 1), we get an exact
sequence
1 −→ SL2 −→ SO(V ) −→ PGL2 −→ 1.
Write
J(g, ϕ) =
∫
[SL2]
θ˜(g, h, ϕ)dh.
We need to verify that J(g, ω(h′)ϕ) = J(g, ϕ) for any h′ ∈ SO(V )(A).
The reason is as follows.
We write
θ˜(g, h, ϕ) = θ0(g, h, ϕ) + θ2(g, h, ϕ),
where
θi(g, h, ϕ) =
∑
x∈V,rank(x)=i
ω(g, h)ϕ(x).
It is easy to see that θi(g, h, ϕ) is invariant under SL2. So it suffices to
verify Ji(g, ω(h
′)ϕ) = Ji(g, ϕ) for
Ji(g, ϕ) =
∫
[SL2]
θi(g, h, ϕ)dh.
The case i = 0 is trivial since
θ0(g, h, ϕ) = ω(g)ϕ(0).
Now we treat the case i = 2. It is easy to have
θ2(g, h, ϕ) =
∑
γ∈SL2
∑
η∈Q×
ω(g, γh)ϕ(xη).
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Here xη ∈ V is any element of norm η. Thus
J2(g, ϕ) =
∑
η∈Q×
∫
SL2(A)
ω(g, h)ϕ(xη)dh.
It suffices to check∫
SL2(A)
ω(g)ϕ(h−1h−11 xηh2)dh =
∫
SL2(A)
ω(g)ϕ(h−1xη)dh
for any h1, h2 ∈ GL2(A) with det(h1) = det(h2). Denote y = h−11 xηh2x−1η ,
which lies in SL2(A). Then the left-hand side is equal to∫
SL2(A)
ω(g)ϕ(h−1yxη)dh =
∫
SL2(A)
ω(g)ϕ((y−1h)−1xη)dh(3.4)
=
∫
SL2(A)
ω(g)ϕ(h−1xη)dh.
Now we have∫
[SO(V )]
θ˜(g, h, ϕ)dh =
∫
SL2(A)SO(V )(Q)\SO(V )(A)
∫
[SL2]
θ˜(g, h1h
′, ϕ)dh1dh′
=
∫
[PGL2]
J(g, ω(h′)ϕ)dh′
=
∫
[PGL2]
J(g, ϕ)dh′
= vol([PGL2]) J(g, ϕ).
If we use the Tamagawa measures on SO(V )(A) and SL2(A), then
the quotient measure gives
vol([PGL2]) = 2.
It suffices to prove that J(g, ϕ) is absolutely convergent. There is an
open compact subgroup K of SL2(Af) acting trivially on ϕ. It follows
that
θ˜(g, hK, ϕ) = θ˜(g, h, ϕ).
Let K∞ = SO(2)(R) and ϕ′ = ω(g)ϕ, which is still a Schwartz function
on V (A), and the infinite part |ϕ′∞| is bounded by a polynomial times
a Gaussian.
It is known that ϕ∞(xkθ) = ϕ∞(x) for kθ ∈ K∞. The proof is
reduced to show the absolute convergence of
J ′(ϕ) =
∫
SL2(Q)\SL2(A)/KK∞
θ˜(h, ϕ′)dh.
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Then
J ′(ϕ) =
∫
Γ\H
θ˜(h, ϕ′)dh.
Here H is the upper half plane, and Γ = SL2(Q) ∩K is a subgroup of
SL2(Z) with finite index.
Let
Ω = {x+ yi ∈ H : −1/2 < x ≤ 1/2, |x+ yi| > 1}
be the standard fundamental domain of SL2(Z)\H. It suffices to prove
that
J ′′(ϕ) =
∫
Ω
θ˜(h, ϕ′)dh =
∫
Ω
θ˜
((√
y 0
0 1√
y
)
( 1 x1 ) , ϕ
′
)
dxdy
y2
is absolutely convergent.
The integrand grows slowly as y →∞ using the decay of ϕ′∞. Note
that h has only infinite part, and thus, essentially (up to a finite linear
combination)
θ˜(h, ϕ′) =
∑
l∈L,rank(l)6=1
ω(h)ϕ′∞(l)
where L is some lattice in V . Then it is easy to check that
(3.5)
∣∣∣∣θ˜((√y 00 1√y ) ( 1 x1 ) , ϕ′
)∣∣∣∣ ≤ C
for some constant C.
For convenience, we just assume that x = 0 and L =M2(Z).
Since ϕ′∞ is a Schwartz function, there exists M > 0 for c > 0, when
| l1 | + | l2 | + | l3 | + | l4 |> M ,
l21l
2
2l
4
3l
4
4 | ϕ′∞(l) |< c,
for any l =
(
l1 l2
l3 l4
) ∈ L. Thus if
| l1√
y
| + | l2√
y
| + | √yl3 | + | √yl4 |> M,
one has
y2l21l
2
2l
4
3l
4
4 | ϕ′∞
((√
y 0
0 1√
y
)−1
l
)
|< c.
Then is is easy to see∣∣∣∣ ∑
l∈L,rank(l)6=1,l1l2l3l4 6=0
ϕ′∞
((√
y 0
0 1√
y
)−1
l
)∣∣∣∣
<
16c
y2
∑
l1∈N
1
l21
∑
l2∈N
1
l22
∑
l3∈N
1
l43
∑
l4∈N
1
l44
+ φ =
16cζ(2)2ζ(4)2
y2
+ φ,
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where φ is the sum over the subset
B = {l = ( l1 l2l3 l4 ) ∈ L, rank(l) 6= 1 :| l1√y | + | l2√y | + | √yl3 | + | √yl4 |≤M},
which is a finite subset. When y > M2, B is empty. So∣∣∣∣ ∑
l∈L,rank(l)6=1,l1l2l3l4 6=0
ϕ′∞
((√
y 0
0 1√
y
)−1
l
)∣∣∣∣
is bounded by some constant.
When l1l2l3l4 = 0, we could follow the same method. Then one
obtains the equation (3.5), the result follows. 
Remark 3.3. When ϕ∞ is a polynomial times a Gaussian, the above
theorem is true. We leave details to the readers.
3.2. Fourier coefficient of theta integral. The η-th Fourier coeffi-
cient of I(g, ϕ) is given by
Iη(g, ϕ) =
∫
Q\A
I(n(b)g, ϕ)ψ(−bη)db
=
∫
[H]
θη(g, h, ϕ)dh(3.6)
with
θη(g, h, ϕ) =
∑
x∈V (Q)[η]
ω(g)ϕ(h−1x),
where
V (Q)[η] = {x ∈ V (Q) : Q(x) = η}.
For η 6= 0 and for any choice of ϕ,
I˜η(g, ϕ) = Iη(g, ϕ),
where I˜η(g, ϕ) is η-th Fourier coefficients of I˜η(g, ϕ). By Theorem 3.2,
one knows that I˜η(g, ϕ) is absolutely convergent when ϕ∞ = ϕsp∞. We
extend it to all ϕ ∈ S(V (A)) in the following result.
Proposition 3.4. For any η ∈ Q∗ and ϕ = ⊗pϕp ∈ S(V (A)), the
integral Iη(g, ϕ) is absolutely convergent.
Proof. For convenience, we prove that Iη(e, ϕ) is absolutely convergent.
It is not hard to prove all cases if one replace ϕ by ω(g)ϕ.
Up to a finite linear combination, we suppose that support(ϕf) ⊆ L̂,
where L is a lattice in the space V (Q). We could set ϕf = char(M̂2(Z)).
Notice that the set V (Q)[η] for η 6= 0 is in one orbit, so there is an
bijective map
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SO(V )(Q)xη \ SO(V )(Q)←→ V (Q)[η],
h→ hxη,
where xη is any element in V (Q) with det xη = η.
Iη(e, ϕ) =
1
2
∫
[SO(V )]
∑
x∈V (Q)[η]
ϕ(h−1x)dh
=
1
2
∫
SO(V )(Q)xη \SO(V )(A)
ϕ(h−1xη)dh
=
1
2
vol(SO(V )xη)
∫
SO(V )(A)xη \SO(V )(A)
ϕ(h−1xη)dh
=
∏
p≤∞
∫
SO(V )(Qp)xη\SO(V )(Qp)
ϕp(h
−1xη)dhp.(3.7)
It is easy to obtain that
(3.8) SO(V ) = {(h1, h2) | h1, h2 ∈ GL2(Q), det(h1) = det(h2)}/Q×.
Let h = (h1, h2) ∈ SO(V ), the action is given by h · x = h1xh−12 . For
any η ∈ Q \ Z, it is easy to get that∏
p≤∞
∫
SO(V )(Qp)xη\SO(V )(Qp)
ϕp(h
−1
p xη)dhp = 0.
Let η ∈ Z, η 6= 0, assume that xη = ( η 1 ), then
SO(V )xη =
{
(h1, h2)|h1 = ( a bc d ) , h2 =
(
a 1
η
b
ηc d
)
, h1, h2 ∈ GL2
}
/Q×.
Hence SO(V )xη \ SO(V ) ∼= 1× SL2, and the integral
Iη,p(e, ϕp) =
∫
SO(V )(Qp)xη\SO(V )(Qp)
ϕp(h
−1xη)dhp
=
∫
SL2(Qp)
ϕp(xηhp)dhp.(3.9)
When p <∞, Iη,p(e, ϕp) = vol(Aη), where
Aη =
{(
a b
c d
)
|a, b ∈ 1
η
Zp, c, d ∈ Zp
}
,
which is a compact subset of SL2(Qp), and vol(Aη) ≤ | 1η |2p . Now we
assume η > 0, and we have the following estimation
(3.10)
∏
p<∞
Iη,p(e, ϕp) ≤ η2.
When p =∞,
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Iη,∞(e, ϕ∞) =
∫
SO(V )(R)xη \SO(V )(R)
ϕ∞(h−1xη)dh∞
=
∫
SL2(R)
ϕ∞(xηh∞)dh∞.
One has the Iwasawa decomposition of group SL2(R)
SL2(R) = N(R)M(R) SO(2)(R).
By the [We, pp194, Lemma 4], there exists φ∞ ∈ S(V (R)) such that
| ϕ∞(xkθ) |≤ φ∞ for kθ ∈ SO(2)(R). So the integral
| Iη,∞(e, ϕ∞) | ≤
∫ 2π
0
∫
R×R∗+
| ϕ∞(xηn(x)m(y 12 )kθ) | dxdy
y2
dθ
≤ 2π
∫
R×R∗+
φ∞
((
ηy
1
2 ηxy
−1
2
0 y
−1
2
))
dxdy
y2
= 2π
∫
R×R∗+
φ∞
((
ηy
−1
2 ηxy
1
2
0 y
1
2
))
dxdy.(3.11)
Since φ∞ is a Schwartz function, there exists a constant M > 0 for
c > 0, such that
φ∞
((
ηy
−1
2 ηxy
1
2
0 y
1
2
))
< c
(1+(ηy
−1
2 )2(ηxy
1
2 )2)(1+(y
1
2 )4)
= c
(1+y2)(1+η4x2)
when | ηy −12 | + | ηxy 12 | + | y 12 |> M. Then
| Iη,∞(e, ϕ∞) | ≤ 2π
∫
R×R∗+
c
(1 + y2)(1 + η4x2)
dxdy
+ 2π
∫
B
φ∞
((
ηy
−1
2 ηxy
1
2
0 y
1
2
))
dxdy.
Here
B = {(x, y) ∈ R× R∗+ || ηy
−1
2 | + | ηxy 12 | + | y 12 |≤M},
which is contained in a compact set. Thus the integral Iη,∞ is con-
vergent, so the integral Iη(e, ϕ) is absolutely convergent from equation
(3.10). 
4. Weak Siegel-Weil formula
In this section, we prove Theorems 1.2 and 1.4.
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4.1. Eisenstein series. For the finite place p, we let Kp = SL2(Zp),
a maximal compact subgroup of Gp = G(Qp). If p is infinite place,
we set K∞ = SO(2)(R). We let K =
∏
pKp be the maximal compact
subgroup of G(A), and we have G(A) = P (A)K, where P = NM is
the maximal parabolic subgroup of G (called Siegel parabolic).
The induced representation I(s, χV ) = Ind
G
P (||sχV ) of G(A) consists
of smooth functions Φ(g, s) on G(A) such that
(4.1) Φ(nm(a)g, s) = χV (a)|a|s+1Φ(g, s).
The Eisenstein series is defined by
(4.2) E(g, s,Φ) =
∑
γ∈P\G
Φ(γg, s).
It is absolutely convergent for ℜ(s) > 1.
There is a G(A)-intertwining map
(4.3) λ = λV : S(V (A))→ I(s0, χV ), λ(ϕ)(g) = ω(g)ϕ(0).
There exists a section Φ ∈ I(s, χV ) such that λ(ϕ) = Φ(g, s0), and one
could write
(4.4) E(g, s, ϕ) = E(g, s,Φ).
Now we consider the case for V = (M2(Q), det). By [KR3, Lemma
1.3] and [KR3, Theorem 4.12], we know that E(g, s,Φ) at most has one
simple pole at s0. So one has the Laurent expansion
(4.5) E(g, s,Φ) =
A−1(g,Φ)
s− s0 + A0(g,Φ) +O(s− s0).
Assume that Φ(s) =
⊗
pΦp(s) is a factorizable standard section of
I(s, χ). For η 6= 0, ℜ(s) > 1, the η-th Fourier coefficient of E(g, s,Φ)
is
Eη(g, s,Φ) =
∫
A/Q
E(n(b)g, s,Φ)ψ(−bη)db
=
∏
p
Wη,p(g, s,Φp),(4.6)
where
Wη,p(g, s,Φp) =
∫
Qp
Φp(wn(b)g, s)ψp(−bη)db.(4.7)
The integralWη,p(g, s,Φp) extends to an entire function of s [Ka], [Wa].
For any fixed s, it defines an element of the one dimensional space
HomGp(Ip(χV , s), Ind
Gp
Np
(ψη)).
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From [KR3, Section 2], one has:
Lemma 4.1. For every η ∈ Q∗, Eη(g, s,Φ) is holomorphic at s0.
4.2. Weak Siegel-Weil formula. If G is a algebraic group over num-
ber field F , GAF is a topological locally compact group. If ω is a gauge
form on G, and (λP) [We1, Chapter 2] is a set of convergence factor
of G, then the Tamagawa measure Ω = (ω, (λP)) is a left invariant
measure on GAF , where P is any place of F . This measure is indepen-
dent of the choice of ω, and is called the Tamagawa measure derived
from the convergence factors (λP). If (1) is the convergence factors,
the measure Ω = (ω, (1)) is called Tamagawa measure for G, and the
number
(4.8) τ(G) =
∫
GAF /GF
(ω, (1))
is the Tamagawa number of G.
Now we consider the fixed space V = M2(Q). Choosing the Tama-
gawa measure dh′ on O(V )(A) which is 2 times dh. The gauge form
ω = dx1∧dx2∧dx3∧dx4 on V determines a measure ωp for Vp , which is
the self dual for the pairing [x, y] = ψp((x, y)), where (, ) is the bilinear
form associated to Q. On the other hand, the gauge form α = dη on
Q determines a measure αp = dpη, which is self -dual with respect to
the pairing [b, η] = ψp(bη).
We can split ω = ωη ∧α [Hi, section 2.5], where ωη is the gauge form
on V [η]. Since
O(V )xη\O(V ) ∼= V [η],
ωη is also the gauge form on O(V )xη\O(V ). Then dh′ induces the Tam-
agawa measure ωη on O(V )xη(A)\O(V )(A) for xη ∈ V with Q(xη) = η
( by the uniqueness of the Tamagawa measure). We now compute the
Fourier coefficient of the theta integral
Iη(g, ϕ) =
∫
[H]
θη(g, h, ϕ)dh
=
∫
O(V )(Q)xη \O(V )(A)
ω(g)ϕ(h−1xη)dh
=
1
2
τ(O(V )xη)
∫
O(V )xη (A)\O(V )(A)
ω(g)ϕ(h−1xη)ωη
=
∏
p
Oη,p(ω(gp)ϕp).(4.9)
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Where τ(O(V )xη) is the Tamagawa number ofO(V )xη , Weil have proved
that τ(O(V )xη) = 2. In the last step, we have assumed that ϕ is fac-
torizable and written
Oη,p(ϕp) =
∫
O(V )xη (Qp)\O(V )(Qp)
ϕp(h
−1xη)ωη,p,
p ≤ ∞, for the local orbital integral.
When ϕ is factorizable, then the associated Φ(s) =
⊗
pΦp(s) is also
factorizable, where Φp(s) ∈ Ip(s, χ). For η ∈ Q× and ℜ(s) > 1, the
η-th Fourier coefficient of E(g, s, ϕ) is
Eη(g, s, ϕ) =
∫
Q\A
E(n(b)g, s, ϕ)ψ−η(b)db = ΠpWη,p(gp, s, ϕp)
with
Wη,p(gp, s, ϕp) =
∫
Qp
Φp(wn(b)gp, s)ψ−η(b)db.
Oη,p(ωp(gp)ϕp) andWη,p(gp, s0, ϕp) are two distributions. By [Ra, Propo-
sition 4.2],
(4.10) Eη(g, s0, ϕ) = cIη(g, ϕ),
where c is a constant.
Combining the Proposition 3.4 with the following result, we could
prove Theorem 1.2.
Theorem 4.2. For any η ∈ Q∗, we have
(4.11) Eη(g, s0, ϕ) = Iη(g, ϕ)
for all ϕ ∈ S(V (A)) and g ∈ SL2(A).
Proof. It suffices to prove that the constant c = 1. We could choose
functions ϕ such that ϕ∞ has compact support. Let λ(ϕp) = Φp(s0),
then
Eη(e, s0, ϕ) =
∏
p≤∞
Wη,p(e, s0,Φp)
=
∏
p≤∞
∫
Qp
∫
V (Qp)
ψp(bQ(y))ϕp(y)ωp · ψp(−ηb)dpb
=
∏
p≤∞
∫
Qp
∫
Qp
ψp(bu)Mϕp(u)dpu · ψp(−ηb)dpb
=
∏
p≤∞
∫
Qp
M̂ϕp(b)ψp(−ηb)dpb.(4.12)
Here
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M : S(V (Qp))→ S(Qp), ϕp 7→Mϕp
is the map defined by integration over the fibers with respect to the
measure determined by the restriction of the gauge form ωη.
For archimedean case, the function M̂ϕ∞ has a compact support. For
the finite place, the function M̂ϕp lies in the Schwartz space S(Qp). So
one has ∫
Qp
M̂ϕp(b)ψp(−ηb)dpb =Mϕp(η) = Oη,p(ϕp).
In the above equation, we used the same measure given by ωη on
O(V )xη(Qp) \O(V )(Qp) ∼= Vp[η].
Combining it with equations (4.9) and (4.12), one obtains
Eη(e, s0, ϕ) =
∏
p<∞
Oη,p(ϕp)Oη,∞(ϕ∞) = Iη(e, ϕ).
So the constant c = 1, thus we get the result. 
4.3. Relations between theta integral and Eisenstein series.
Recall that
E(g, s,Φ) =
A−1(g,Φ)
s− s0 + A0(g,Φ) +O(s− s0).
Define
(4.13) Φ1(g, s) =
∫
A
Φ(wn(b)g, s)db,
and the Laurent series is given by
(4.14) Φ1(g, s) =
A−1(g,Φ)
s− s0 +B0(g,Φ) +O(s− s0).
We identify notation ϕ with Φ if Φ(g, s0) = λ(ϕ).
Now we consider the constant term, i.e., the coefficient with η = 0.
The constant term of Eisenstein series is
EP (g, s,Φ) =
∫
A/Q
E(n(b)g, s,Φ)db(4.15)
= Φ(g, s) + Φ1(g, s).
Proof of Theorem 1.4. Combining it with the Theorem 3.2, it suf-
fices to prove I˜(g, ϕ) = E(g, s0, ϕ).
Firstly, we consider the constant term of both sides
(4.16) I˜P (g, ϕ) =
∫
[H]
θ0(g, h, ϕ)dh = ω(g)ϕ(0).
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Since Φ1(g, s0) = 0, by equation (4.15), one obtains
EP (g, s0, ϕ) = Φ(g, s0) = ω(g)ϕ(0) = I˜P (g, ϕ).
Combining it with the Theorem 4.2, we know all the Fourier coefficients
are equal. By the next lemma, one obtains the result. 
Lemma 4.3. Let f(g) = I˜(g, ϕ)−E(g, s0, ϕ), then f = 0.
Proof. Notice that f is a function with all Fourier coefficients being 0.
Set
F (x) = f
((
1 x
1
)
g
)
, x ∈ A,
which is continuous and satisfies F (x + a) = F (x) for any a ∈ Q.
Thus it may be regarded as a function on the compact group A/Q. It
therefore has a Fourier expansion in terms of the characters of A/Q.
All the character has the form x 7→ ψ(ηx), where η ∈ Q.
Thus we have
F (x) =
∑
η∈Q
Fηψ(ηx),
where Fη =
∫
A/Q F (y)ψ(−ηy)dx = fη = 0. Then F (x) = 0, hence
f(g) = F (0) = 0. 
If ϕ = ⊗pϕp ∈ S(V (A)) and ϕ′ = ⊗pϕ′p ∈ S(V ′(A)) is a Kudla
matching pair, i.e., λV (ϕ) = λV ′(ϕ
′), then E(g, s, ϕ) = E(g, s, ϕ′). For
τ = u+ iv ∈ H, let gτ = ( 1 u1 )
(
v
1
2
v−
1
2
)
, then one has:
Proposition 4.4. Let notations be as above, one has
I˜(gτ , ϕ) = E(gτ , s, ϕ) = E(gτ , s, ϕ
′) = I(gτ , ϕ′),
where ϕ∞ = ϕsp∞ and take ϕ
′
∞ to be ϕ
ra
∞ or ϕ
sp
∞ depends on V
′ is definite
or indefinite, ϕra∞ and ϕ
sp
∞ are defined in Section 5.
Proof. Let (ϕ, ϕ′) be a matching pair, and we know that
(4.17) E(g, s, ϕ) = E(g, s, ϕ′),
for all g ∈ SL2(A).
Comparing the constant term
EP (g, s0, ϕ
′) = Φ(g, s0) + Φ1(g, s0) = ω(g)ϕ′(0) + Φ1(g, s0)
with
IP (g, ϕ
′) = ω(g)ϕ′(0),
one has Φ1(g, s0) = 0.
From the Theorem 1.4 and the Siegel-Weil formula, we obtain
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I˜(gτ , ϕ) = E(gτ , s0, ϕ) = E(gτ , s0, ϕ
′) = I(gτ , ϕ′).

5. arithmetic geometry
Given an orthogonal decomposition
(5.1) V = V + ⊕ V −, x = x+ + x−,
with V + of signature (2, 0) and V − of signature (0, 2). We define
(5.2) ϕsp∞(x) = (4π(x
+, x+)− 1)e−π(x+,x+)+π(x−,x−).
For any x =
(
x1 x2
x3 x4
)
∈ V , let
x+ =
(
x1+x4
2
x2−x3
2
x3−x2
2
x1+x4
2
)
, x− =
(
x1−x4
2
x2+x3
2
x3+x2
2
x4−x1
2
)
and it is easy to check that this standard decomposition is exactly the
orthogonal decomposition. Then one has
(5.3) ϕsp∞(x) = (2π((x1 + x4)
2 + (x2 − x3)2)− 1)e−π(x21+x22+x23+x24).
Let (V ′, Q
′
) be any other quaternion algebra overQ, which is anisotropic.
Let
(5.4) ϕra∞(x) = e
−2πQ′ (x)
be the Gaussian of the space V
′
.
From [DY, Section 3.2] (Kudla used the notation φ˜(x, z)), we know
(ϕsp∞(x), ϕ
ra
∞(x)) is a matching pair such that
(5.5) λV (ϕ
sp
∞)(g) = λV ′(ϕ
ra
∞)(g) = Φ
2
∞(g, 1),
where Φ2∞(gkθ, s) = e
2θiΦ2∞(g, s) for kθ =
(
cosθ sinθ
−sinθ cosθ
)
and Φ2∞(1, s) = 1.
5.1. Definite quaternions and representation numbers. We as-
sume that D > 0 has odd number of prime factors, and let B = B(D)
be the associated definite quaternion. In this case, V ′ = (B, det) is
positive definite.
For any ϕ
′
f ∈ S(V (Af)), the theta kernel
θ(τ, h, ϕ
′
f ⊗ ϕra∞) = v−1θ(gτ , h, ϕ
′
f ⊗ ϕra∞)
is a holomorphic modular form of weight 2 for some congruence sub-
group. Here gτ = n(u)m(
√
v) for τ = u+ iv ∈ H. So the integral
I(τ, ϕ
′
f ⊗ ϕra∞) := v−1I(gτ , ϕ
′
f ⊗ ϕra∞)
is also a modular form of weight 2.
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For an even integral lattice L in V
′
, we let
(5.6) θ(τ, L) = θ(τ, char(L̂)⊗ ϕra∞), I(τ, L) = I(τ, char(L̂)⊗ ϕra∞),
where L̂ = L⊗ Ẑ. Two lattices L1 and L2 in V ′ are equivalent if there
is h ∈ O(V ′)(Q) such that hL1 = L2. Two lattices L1 and L2 are in
the same genus if they are equivalent locally everywhere, i.e, there is
h ∈ O(V ′)(A) such that hL1 = L2. Notice that O(V ′)(A) acts on the
set of lattices as follows: hL = (hf L̂) ∩ V ′ where hf is the finite part
of h = hfh∞. Let gen(L) be the genus of L—the set of equivalence
classes of lattices in the same genus of L. Then one has
O(V
′
)(Q)\O(V ′)(A)/K(L)O(V ′)(R) ∼= gen(L), [h] 7→ hL,
where K(L) is the stabilizer of L̂ in O(V
′
)(A).
Lemma 5.1. [DY, Proposition 4.1] Let
rL(n) = |{x ∈ L : Q(x) = m}|,
rgen(L)(m) =
 ∑
L′∈gen(L)
1
|O(L′)|
−1 ∑
L′∈gen(L)
rL′(m)
|O(L′)| ,
where O(L
′
) is the stabilizer of L
′
in O(V
′
). Then one has
I(τ, L) =
∞∑
m=0
rgen(L)(m)q
m,
where q = e(τ).
In this paper, we choose L = (OD(N), det) as an even integral lattice
in V ′, then rL(m) = rD,N(m).
5.2. Indefinite quaternions and Shimura curves. In this subsec-
tion, we assume that D > 0 has even number of prime factors, then
B = B(D) is an indefinite quaternion. In this case, V ′ = (B, det) is
of signature (2, 2). When D > 1, according to [Ku2, Theorem 4.23],
the theta integral I(g, ϕ) is a generating function of degrees of some
divisors with respect to the tautological line bundle over the Shimura
curve associated to V ′. In our case, the divisors can be identified with
Hecke correspondences on a Shimura curve. When D = 1, the case is
similar.
For a positive integer m, let TD,N(m) be the Hecke correspondence
on Shimura curve XD0 (N) = Γ
D
0 (N)\H which is defined in Subsection
2.1. The normalized degree is defined by
(5.7) rD,N(m) = − 2
vol(XD0 (N),Ω0)
deg TD,N(m).
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We have the following result.
Lemma 5.2. For ϕf = char(ÔD(N)), when D > 1 ([DY, Theorem
5.3]) one has
I(τ, ϕf ⊗ ϕsp∞) = v−1I(gτ , ϕf ⊗ ϕsp∞) =
∞∑
m=0
rD,N(m)q
m,
and when D = 1,
I˜(τ, ϕf ⊗ ϕsp∞) = v−1I(gτ , ϕf ⊗ ϕsp∞) =
∞∑
m=0
rD,N(m)q
m,
where rD,N(0) = 1.
Proof. The case D = 1 follows from the same proof as in [DY, Theorem
5.3], and we leave it to the readers. 
5.3. Relations to other quaternions. In this subsection, let V ′ be
any division quaternion algebra over Q of discriminant D > 1 over Q.
We prove Theorem 1.5 as follows which could be used to compute the
number rD,N .
Proof of Theorem 1.5. Recall the definition in Section 2,
ϕ′ =
{
char(ÔD(N))⊗ ϕra∞ ∈ S(V ′(A)) if V ′ is definite,
char(ÔD(N))⊗ ϕsp∞ ∈ S(V ′(A)) if V ′ is indefinite.
By Proposition 2.2, we know (ϕ′, ϕND) is a matching pair, where ϕ
N
D =
⊗p≤∞ϕp ∈ S(V (A)) is constructed in this proposition. From Kudla’s
matching and the Siegel-Weil formula, one has
I(gτ , ϕ
′) = E(gτ , s0, ϕND).
Comparing the Fourier coefficients of both sides, we have
rD,N(m) = q
−mv−1Em(gτ , s0, ϕND)(5.8)
= v−1q−m
∏
p<∞
Wm,p(e, 1,Φp)×Wm,∞(gτ , 1,Φ∞),
where Φp(gp, 1) = λp(ϕp)(gp). Here the local Whittaker function
Wm,p(g, 1,Φp) =
∫
Qp
Φp(wn(b)g, 1)ψp(−mb)db
is defined by equation (4.7).
When p =∞, it is known by [KRY1, Proposition 15.1]
(5.9) Wm,∞(gτ , 1,Φ∞) = −4π2mqmv.
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When p is finite, Wm,p(e, 1,Φp) is given in the Lemma 5.3. Then one
has
rD,N(m) = −4π2m
∏
p<∞
Wm,p(e, 1,Φp)(5.10)
= (−1)k+124m
∏
p∤ND
p− p− ordpm
p− 1
∏
p|D
1
(p− 1)pordpm
∏
p|N
×2p− p
−(ordpm−1) − p− ordpm
p2 − 1 .

Lemma 5.3. Assume ϕND = ⊗p≤∞ϕp ∈ S(V (A)), and Φp(gp, 1) =
λp(ϕp)(gp), then
Wm,p(e, 1,Φp) =

(1− p−2)∑ordpmi=0 p−1 if p ∤ ND
2p−1 − p− ordpm−1 − p− ordpm−2 if p | N
−p− ordpm−2(p+ 1) if p | D.
Proof. It suffices to compute the integral
∫
Qp
Φspi (wn(b), 1)ψp(−mb)db,
where Φspi (gp, 1) = λp(ϕ
sp
i )(gp), i = 0, 1. Here ϕ
sp
i are defined in Propo-
sition 2.2.
One has the following decomposition
SL2(Zp) = K0(p) ∪N(Zp)wK0(p),
where K0(p) = {( a bc d ) | a, b, d ∈ Zp, c ∈ pZp}. It is easy to check
that Φspi (gp, 1) ∈ I(1, χ)K0(p), which is the K0(p)-invariant subspace
in the induced representation I(1, χ). Here χ is trivial. So any Φ ∈
I(1, χ)K0(p) is determined by Φ(e, 1) and Φ(w, 1). It is easy to know
that
(5.11) Φsp0 (e, 1) = Φ
sp
0 (w, 1) = Φ
sp
1 (e, 1) = 1, Φ
sp
1 (w, 1) =
1
p
,
and ∫
Z×p
ψp(ab)db =

1− p−1 if ordp(a) ≥ 0,
−1
p
if ordp(a) = −1,
0 if ordp(a) ≤ −1.
It is known that wn(b) =
(−b−1 1
−b
)
nb−1 with nb−1 =
(
1
b−1 1
)
, and
Φ(wn(b), 1) =| b |−2 Φ(nb−1 , 1), for any Φ ∈ I(1, χ).
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Then one has
Wm,p(e, 1,Φ
sp
0 )(5.12)
=
∫
Zp
Φsp0 (wn(b), 1)ψp(−mb)db +
∑
k>0
∫
p−kZ×p
Φsp0 (wn(b), 1)ψp(−mb)db
= 1 +
∑
k>0
p−2k
∫
p−kZ×p
Φsp0 (nb−1 , 1)ψp(−mb)db
= 1 +
∑
k>0
p−k
∫
Z×p
ψp(−p−kmb)db
= (1− p−2)
ordpm∑
i=0
p−i.
By the same method, one has
Wm,p(e, 1,Φ
sp
1 )(5.13)
=
∫
Zp
Φsp1 (wn(b), 1)ψp(−mb)db +
∑
k>0
∫
p−kZ×p
Φsp1 (wn(b), 1)ψp(−mb)db
= p−1 +
∑
k>0
p−2k
∫
p−kZ×p
Φsp1 (nb−1 , 1)ψp(−mb)db
= p−1 +
∑
k>0
p−k
∫
Z×p
ψp(−p−kmb)db
= 2p−1 − p−(ordpm+1) − p−(ordpm+2).
Combining it with equation (5.12) and the Proposition 2.2, one could
obtain the result.

Proof of Corollary 1.13. By [KRY1, (2.7)] and [Mi, Lemma 5.3.2],
one has
vol(XD0 (N),Ω0) :=
∫
XD0 (N)
Ω0 = −2[O1D : ΓD0 (N)]ζD(−1)(5.14)
=
DN
6
∏
p|N
(1 + p−1)
∏
p|D
(1− p−1).
Then from Theorem 1.5, we get the result. 
6. Three and Four squares Problem
In this section, we prove the Theorem 1.10. We split it into two
cases: one is four squares, the other is three squares .
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6.1. Four squares sum. The quaternion algebra associated to qua-
dratic form Q = x21 + x
2
2 + x
2
3 + x
2
4 is B(2), which could be written
as
B(2) = Q+Qi+Qj +Qk, i2 = j2 = k2 = −1 and ij = −ji = k.
We denote V ′ = (B(2), Q) and consider the order O = Z+Zi+Zj+Zk,
which is not the maximal order or Eichler order. Now we fix the lattice
L = (O, Q), then one has
(6.1) r4(m) = rL(m), m > 0.
The class of L in gen(L) is 1, so we could compute it by Eisen-
stein series. Now let ϕ′p = char(Lp) and ϕ
′
∞ = ϕ
ra
∞, and denote
ϕ′ = ⊗p≤∞ϕ′p ∈ S(V ′(A)). Here Lp = L⊗ Zp.
Theorem 6.1. With the above notations, one has
r4(m) =
∑
d|m,4∤d
d.
Proof. From the Siegel-Weil formula and Lemma 5.1, one has
(6.2) E(τ, 1, ϕ′) = I(τ, ϕ′) =
∑
m≥0
r4(m)q
m.
It’s an Eisenstein series of weight 2. From above equation, one has
r4(m) = Em(τ, 1, ϕ
′)q−m
= v−1q−m
∏
p<∞
Wm,p(e, 1,Φp)×Wm,∞(gτ , 1,Φ∞),
where Φp = λ(ϕ
′
p).
By the equation (5.9), we have
(6.3) Wm,∞(gτ , 1,Φ∞) = −4π2mqmv.
When p is odd, one has L♯p = Lp, and the dual lattice is given by
L♯p = {x ∈ V ′(Qp) | (x, Lp) ⊆ Zp}. Then Φp(g, s) is spherical, i.e.,
SL2(Zp)-invariant and Φp(e, s) = 1. By the equation (5.12), one has
(6.4) Wm,p(e, 1,Φp) = (1− p−2)
ordpm∑
i=0
p−i =
σ−1,p(m)
ζp(2)
,
where σ−1,p(m) =
∑ordpm
i=0 p
−i.
The case p = 2 is different. Notice that L♯2/L2
∼= (Z/2Z)4 with
L♯2 =
1
2
L2. Let K0(4) = {( a bc d ) | a, b, d ∈ Z2, c ∈ 4Z2}, then one has the
following decomposition
(6.5) SL2(Z2) = K0(4) ∪ n2K0(4) ∪N(Z2)wK0(4), n2 = ( 12 1 ) .
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It is easy to see that Φ2(g2, 1) ∈ I(1, χ)K0(4), which is the K0(4)-
invariant subspace in I(1, χ). One need to check that ϕ′2 is K0(4)-
invariant for the Weil representation. We check ω(n4)ϕ
′
2 = ϕ
′
2 and
leave others to the reader, where n4 = w
−1n(−4)w = ( 14 1 ).
One has
ω(w)ϕ′2(x) = γ(V
′
2) vol(L2) char(L
♯
2)(x) = −
1
4
char(L♯2)(x).
So
ω(n(−4)w)ϕ′2(x) = −
1
4
ψ2(−4Q(x)) char(L♯2)(x) = −
1
4
char(L♯2)(x),
i.e.,
ω(n(−4)w)ϕ′2 = ω(w)ϕ′2.
Then we obtain
ω(n4)ϕ
′
2 = ω(w
−1)ω(n(−4)w)ϕ′2 = ϕ′2.
From the Weil representation, one has
Φ2(e, 1) = 1,Φ2(n2, 1) = 0,Φ2(w, 1) = −1
4
.
By the same methods as equation (5.12), we know
Wm,2(e, 1,Φ2)(6.6)
=
∫
Z2
Φ2(wn(b), 1)ψ2(−mb)db+
∑
k>0
∫
2−kU
Φ2(wn(b), 1)ψ2(−mb)db
= −1
4
+
∑
k>0
2−2k
∫
p−kU
Φ2(nb−1 , 1)ψ2(−mb)db,
where U = 1 + 2Z2 and nb−1 =
(
1
b−1 1
)
.
Now we split it into two cases: m is odd or even.
When m is odd
From the equation (6.6), one has
Wm,2(e, 1,Φ2)
= −1
4
+ 2−2
∫
2−1U
Φ2(nb−1 , 1)ψ2(−mb)db
+
∑
k>1
2−2k
∫
2−kU
Φ2(nb−1 , 1)ψ2(−mb)db
= −1
4
.(6.7)
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Notice that ∫
U
ψ2(ab)db =

1
2
if ord2(a) ≥ 0,
−1
2
if ord2(a) = −1,
0 if ord2(a) ≤ −1.
Combing it with equations (5.9) and (6.4), we obtain
r4(m) = 8σ1(m),(6.8)
where σ1(m) =
∑
d|m d.
When m is even
Assuming ord2(m) = r, we have
Wm,2(e, 1,Φ2) = −1
4
+
r+1∑
k>1
2−2k
∫
2−kU
Φ2(nb−1 , 1)ψ2(−mb)db
+
∑
k>r+1
2−2k
∫
2−kU
Φ2(nb−1 , 1)ψ2(−mb)db
= −1
4
+ 2−3 + · · · 2−r−1 − 2−r−2
= −2−r−1 − 2−r−2.
Combing it with equations (6.3) and (6.4), one obtains
r4(m) = (2
−r−1 + 2−r−2)4π2m
∏
p 6=2
σ−1,p(m)
ζp(2)
= 24σ1(
m
2r
) = 8σ1(2)σ1(
m
2r
) = 8σ1(
m
2r−1
) = 8
∑
d|m,4∤d
d.(6.9)
Thus we finish the proof. 
The second proof:
By the Kudla’s matching, we could compute r4(m) via the quadratic
space V = (M2(Q), Q). We choose ϕ = ⊗pϕp ∈ S(V (A)) as follows,
ϕp =

ϕsp∞ if p =∞,
−1
2
ϕsp0 − 12ϕsp1 + 2ϕsp2 if p = 2,
ϕsp0 otherwise,
which satisfies λp(ϕp) = λp(ϕ
′
p) = Φp. Then one has
(6.10) I(gτ , ϕ
′) = E(gτ , 1, ϕ′) = E(gτ , 1, ϕ).
Comparing m-th Fourier coefficient of above equation, one has
r4(m) = v
−1q−m
∏
p<∞
Wm,p(e, 1, ϕp)Wm,∞(gτ , 1, ϕ∞).(6.11)
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When p = 2, Φp = −12Φsp0 − 12Φsp1 + 2Φsp2 , where Φspi = λp(ϕspi ) and
ϕspi is defined in Section 2.
When i = 0, 1, the integral Wm,p(gp, 1,Φ
sp
i ) are given in the Lemma
5.3, and we leave Wm,p(gp, 1,Φ
sp
2 ) to the readers. When p 6= 2, the local
integral can be computed similarly as the above theorem. Then one
obtains the expected result.
6.2. Three squares sum. In this subsection, we consider the space
B0(2) = {x ∈ B(2); tr(x) = 0} and denote the quadratic space V =
(B0(2), Q). Fix the lattice L = Zi + Zj + Zk. This lattice has genus
one, thus one has
r3(m) = rL(m).
Define
(6.12) bp =
{
1−p−1χd(p)+p−tp−1χd(p)−p−tp−1
1−p−1 if p is odd,
(1−χd(p))(p−tp−p−tp−2)
1−p−1 if p = 2.
Let S˜L2 be the metaplectic double cover of SL2, and we could write
it as S˜L2 = SL2×{±1}. The multiplication is given by
[g1, ε1][g2, ε2] = [g1g2, ε1ε2c(g1, g2)],
for the cocycle as in [KRY2]. We frequently abuse the notation and
write n(b), m(a), w for the elements [n(b, 1], [m(a)] and [w, 1].
Set ϕ = ϕf ⊗ ϕ∞ ∈ S(V (A)), where ϕf = char(L̂) and ϕ∞ =
e−2πQ(x). For m > 0, let −4m = dc2, where d is the fundamental
discriminant. Let χd be the corresponding Dirichlet character of field
Q(
√
d) and
(6.13) w =

2 if d < −4,
4 if d = −4,
6 if d = −3.
Theorem 6.2. With the above notations, one has
(6.14) r3(m) =
24h(d)
w
(1− χd(2))
∑
l|c,(l,2)=1
l
∏
q|l
(1− χd(q)q−1),
where h(d) is the class number of Q(
√
d).
Proof. By the Siegel-Weil formula and Lemma 5.1, we have
(6.15) E(τ,
1
2
, ϕ) = I(τ, ϕ) =
∑
m≥0
r3(m)q
m.
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Comparing Fourier coefficients of both sides, one has
r3(m) = Em(τ,
1
2
, ϕ)q−m
= v−
3
4 q−m
∏
p<∞
Wm,p(e,
1
2
,Φp)×Wm,∞(gτ , 1
2
,Φ∞),
where Φp = λ(ϕp). We identify notation gτ with [gτ , 1] ∈ S˜L2(R).
Following the methods given in [KY], we compute the local Whittaker
functions as follows. It is known that
(6.16) Wm,∞(gτ ,
1
2
,Φ∞) = −4π
√
2mζ8v
3
4 qm.
Denote tp = ordp(c).
When p is odd, one has
Wm,p(e,
1
2
,Φp)(6.17)
=
{
1 + p−1 − p−tp−1 + p−tp−1χd(p) if p ∤ d,
1 + p−1 − p−tp−1 − p−tp−2 if p | d,
=
Lp(1, χd)
ζp(2)
bp,
where
bp =
1− p−1χd(p) + p−tp−1χd(p)− p−tp−1
1− p−1
= p−tp
∑
l|ptp
l
∏
q|l
(1− χd(q)q−1).(6.18)
When p = 2,
(6.19) Wm,2(e,
1
2
,Φ2) = − ζ
−1
8
2
√
2
L2(1, χd)b2,
where
b2 =
(1− χd(2))(2−t2 − 2−t2−2)
1− 2−1 =
3
2
2−t2(1− χd(2)).(6.20)
So we obtain
(6.21)
∏
p
bp =
3
2
c−1(1− χd(2))
∑
l|c,(l,2)=1
l
∏
q|l
(1− χd(q)q−1),
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where q runs over prime factors of l. By this equation and equations
(6.16), (6.17) and (6.19), one has
r3(m) = 2π
√
mL2(1, χd)
∏
p odd
Lp(1, χd)
ζp(2)
∏
p
bp
=
24h(d)
w
(1− χd(2))
∑
l|c,(l,2)=1
l
∏
q|l
(1− χd(q)q−1).(6.22)

Remark 6.3. From equation (6.22), it is easy to see that r3(m) =
r3(m). If m ≡ 7(mod8), then d ≡ 5(mod8). So one knows that Q(
√
d)
is split at 2, thus a2 = 0. We recover the well known result that
r3(m) = 0 when m = 4
a(8k + 7), for a, k > 0.
For a discriminant m > 0, define Hurwitz class number H(m) be
the number of classes of not necessarily primitive positive definite qua-
dratic forms of discriminant −m, except that those classes which have a
representative which is a multiple of the formx2+y2 should be counted
with weight 1/2 and those which have a representative which is a mul-
tiple of the form x2 + xy + y2 should be counted with weight 1/3. The
number H(m) is given by
(6.23) H(m) =
2h(d)
w
∑
l|f
l
∏
p|l
(1− χd(p)p−1),
where −m = df 2. When m is not a discriminant, H(m) = 0.
Comparing this equation with equation (6.22), one obtains the fol-
lowing result easily.
Corollary 6.4 (HZ, Section 2.1). Let m > 0, one has
(6.24) r3(m) =

12H(4m) if m ≡ 1 or 2 (mod4),
24H(m) if m ≡ 3 (mod8),
0 if m ≡ 7 (mod8),
r3(
m
4
) if m ≡ 0 (mod4).
Since
∑
m≥0 r3(m)q
m is an Eisenstein series, then one could ask a
question how about H(τ) =
∑
m≥0H(m)q
m, where H(0) = − 1
12
and
q = e2πiτ .
Zagier discovered the well known Eisenstein series in [HZ, Theorem
2, Chapter 2].
(6.25) E(τ) = H(τ) +
1
16π
√
v
∞∑
m=−∞
β(4πm2v)q−m
2
,
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where v = ℑ(τ) and
β(t) =
∫ ∞
1
u−
3
2 e−tudu, t ≥ 0.
E(τ) is a nonholomorphic Eisenstein series of weight 3/2 and H(τ) is
the holomorphic part.
7. Hardy’s singular series
Hardy defined the singular series by
(7.1) ρs(m) =
π
s
2
Γ( s
2
)
m
s
2
−1
Gs(m),
where
(7.2) Gs(m) =
∞∑
k=1
Ak(m),
and
(7.3) Ak(m) =
k∑
h=1,(h,k)=1
(
1
k
k∑
j=1
e2πihj
2/k)se−2πimh/k, A1(m) = 1
It is known by Hardy [Ha2] that
(7.4) Ak1k2(m) = Ak1(m)Ak2(m), (k1, k2) = 1.
Thus it suffices to study Ak for k a prime power. We write
(7.5) Gs(m) =
∞∑
k=1
Ak(m) =
∏
Sp(m),
where
Sp(m) =
∞∑
r=0
Apr(m).
Now we fix s = 3 and denote rp = ordp(m). By Hardy’s formula,
and also in Dickson[Di], one has the following result:
If r is an odd positive integer,
A2r(m) =

0 if r > rp + 3,
2−
r−1
2 cos 2
−r+3m−3
4
π if r ≤ rp + 3, 2−r+3m ≡ 3 (mod 4),
0 if r ≤ rp + 3, 2−r+3m 6≡ 3 (mod 4),
Apr(m) =

0 if r > rp + 1,
−p− r+12 (−p−r+1m
p
) if r = rp + 1,
0 if r < rp + 1.
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If r is an even positive integer,
A2r(m) =
{
0 if r > rp + 2,
2−
r−1
2 cos 2
−r+3m−3
4
π if r ≤ rp + 2,
Apr(m) =

0 if r > rp + 1,
−p− r2−1 if r = rp + 1,
(p− 1)p− r2−1 if r < rp + 1.
Now we recall the normalized local Whittaker functions. For details
see [KY, Section 4].
Let (V,Q) be a quadratic space with dimension n. and let L be a
lattice in V . For any ϕp ∈ S(Vp), the Whittakler function
Wm,p(e, s0, ϕp) = γ(Vp)
∫
Qp
∫
Vp
ψp(bQ(x))ϕp(x)dV xψp(−mb)db,
where dV x is the self dual measure with respect to ψp((x, y)) and γ(Vp)
is the Weil index.
Fix a Zp-basis {ei} of Lp, then Lp ∼= Znp . Let dx =
∏
dxi be the
standard measure on V , then one has
(7.6) dV x = [L
♯
p : Lp]
− 1
2dx =| detG |
1
2
p ,
where G is the Gram matrix ((ei, ej)) for Lp. Kudla and Yang defined
(7.7) Wp(s0, m) =
∫
Qp
∫
Lp
ψp(bQ(x))dxψp(−mb)db.
Then one has
Wp(s0, m) =
Wm,p(e, s0, char(Lp))
γ(Vp) | detG |
1
2
p
.
Lemma 7.1. Let V = (B0(2), Q) and the lattice L = Zi + Zj + Zk,
which are defined in the Section 6. One has
(7.8) γ(Vp) | detG |
1
2
p=
{
1 if p is odd,
−ζ−18 12√2 if p = 2.
Proof. When p is odd, γ(Vp) =| detG |
1
2
p= 1. When p = 2, γ(Vp) =
−ζ−18 and | detG |
1
2
p=
1
2
√
2
. Then one obtains the result. 
For the convenience, we rewrite the Theorem 1.11.
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Theorem 7.2. 1) Let L = Zi + Zj + Zk be the lattice in quadratic
space V = (B0(2), Q), one has
(7.9) Sp(m) = Wp(
1
2
, m).
2) Let L = Z+ Zi+ Zj + Zk be the lattice in V = (B(2), Q), one has
(7.10) Sp(m) = Wp(1, m).
where Wp(
1
2
, m) and Wp(1, m) are normalized local Whittaker function
defined by equation (7.7).
Proof. We only prove the case 1). Assume that −4m = dc2 with funda-
mental discriminant d, and let χd be the associated Dirichlet character.
Set rp = ordp(m) and tp = ordp(c).
When p is odd,
Sp(m) =
rp+1∑
r=0
Apr(m)(7.11)
= 1 +
rp∑
r=1, even
(p− 1)p− r2−1 + Aprp+1
=
{
1 + p−1 − p−tp−1 + p−tp−1χd(p) if rp is even,
1 + p−1 − p−tp−1 − p−tp−2 if rp is odd.
Notice that rp = 2tp(rp = 2tp + 1) when rp is even(odd). By equation
(6.17) and Lemma 7.1, one obtains
Sp(m) = Wm,p(e,
1
2
, char(Lp)) = Wp(1
2
, m).
When p = 2,
S2(m) =
r2+3∑
r=0
A2r(m)(7.12)
= 1 +
r2+2∑
r=1, even
2−
r−1
2 cos
2−r+3m− 3
4
π +
r2+3∑
r=1, odd
A2r
=

0 if m ≡ 7(mod 8),
1 if m ≡ 3(mod 8),
3
2
if m ≡ 1, 2, 5, 6(mod 8),
2S2(
m
4
) if 4 | m.
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One could check that
(7.13) S2(m) =
3
2t2+1
1− χd(2)
1− χd(2)
2
.
By equation (6.19), we know that
S2(m) =
Wm,2(e,
1
2
, char(L2))
−ζ−18 2
√
2
= W2(
1
2
, m).
Thus we finish the proof of 1) and leave case 2) to the readers. 
The following result is a directly application of the above theorem.
Theorem 7.3. [Ba] Let the notations be as above, one has
(7.14) rs(m) = ρs(m), s = 3, 4.
Proof. We just prove the case s = 3. The case s = 4 is similarly. From
the Theorem 6.2, one knows that
r3(m)
= v−
3
4 q−m
∏
p<∞
Wm,p(e,
1
2
,Φp)×Wm,∞(gτ , 1
2
,Φ∞)
= v−
3
4 q−m
∏
p<∞
γ(Vp) | detG |
1
2
p Wp(
1
2
, m)×Wm,∞(gτ , 1
2
,Φ∞)
= −ζ−18
1
2
√
2
v−
3
4 q−m
∏
p
Sp(m)Wm,∞(gτ ,
1
2
,Φ∞)
By equation (6.16), we obtain the expected result
r3(m) = 2
√
mπ
∏
p
Sp(m) = ̺3(m).

8. acknowledgment
Thanks to ..., we write it later.
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